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Abstract 

The lattice model of scalar quantum electrodynamics (Maxwell 
field coupled to a complex scalar field) in the Hamiltonian framework 
is discussed. It is shown that the algebra of observables ©(A) of this 
model is a C*-algebra, generated by a set of gauge-invariant elements 
satisfying the Gauss law and some additional relations. Next, the 
faithful, irreducible and non-degenerate representations of ©(A) are 
found. They are labeled by the value of the total electric charge, 
leading to a decomposition of the physical Hilbert space into charge 
superselection sectors. In the Appendices we give a unified description 
of spinorial and scalar quantum electrodynamics and, as a byproduct, 
we present an interesting example of weakly commuting operators, 
which do not commute strongly. 
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1 Introduction 



The ideas of axiomatic and algebraic quantum field theory in the sense of 
Wightman, Haag and Kastler have played an important role in clarifying 
basic nonperturbative structures of quantum physics. In particular, there has 
been developed a general scheme for superselection rules @, which, however, 
does not apply to theories with massless particles. Thus, an extension of 
these ideas to realistic gauge theories is still a big challenge. Some partial 
results in this direction already exist, see a series of papers by Strocchi and 
Wightman (0, and 0). In particular, in Quantum Electrodynamics 
was considered. It was shown that if one insists in locality and Lorentz 
covariance, one is rather naturally led to a theory with indefinite metric. 
Within this scheme, the charge superselection rule for QED was proven, but 
a decomposition of the physical Hilbert space into a direct sum of subspaces 
carrying definite total charge was not obtained. For a deep discussion of 
charged states in QED we refer to ^ and further references therein. Studying 
simple toy models, e.g. a Z2-gauge theory with Z'2-matter fields 0, one can 
realize the full programme, which one would like to implement for realistic 
theories. In 0], the authors were able to determine the ground state and 
charged states explicitly. Using methods of Euclidean quantum field theory, 
it was possible to show that - for some regions in the space of coupling 
constants - the thermodynamic limit for charged states can be controlled. 

In this paper we also discuss a simplified model, we put scalar quantum 
electrodynamics on a finite lattice. In the context of lattice approximation 
complicated operator theoretic problems arising in (continuum) quantum 
field theory become simpler, whereas problems typical for gauge theories re- 
main and can be, therefore, discussed separately. We consider scalar QED 
in the hamiltonian approach on a finite cubic (3-dimensional) lattice and 
work in the non-compact formulation, where the gauge potential remains 
Lie-algebra-valued on the lattice level. Our starting point are the commu- 
tation relations for canonically conjugate pairs of gauge-dependent lattice 
fields. Then, in a first step we construct the algebra of observables as the al- 
gebra of gauge invariant operators fulfilling the Gauss law and show that the 
charge superselection rule holds. Algebraically, the observable algebra is gen- 
erated by electric and magnetic flux operators, together with gauge invariant 
operators bilinear in the matter fields. These gauge invariant generators fulfil 
a number of algebraic identities, which by using the technical tool of a lattice 
tree can be reduced essentially. It turns out that the observable algebra is 
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the tensor product of an associative algebra generated by canonical commu- 
tation relations (electromagnetic part) and an associative algebra generated 
by a certain Lie algebra (matter field part). Using Woronowicz's theory of 



C*-algebras generated by unbounded elements (see [0), we can endow the 
observable algebra with a C*-structure. 

Within this setting, we are able to classify all faithful, irreducible and 
non-degenerate representations of the observable algebra and to obtain the 
physical Hilbert space as a direct sum of representation spaces labeled by the 
total charge. We stress that the restriction to non-degenerate representations 
of C*-algebras (or, equivalently, to integrable representations of the under- 
lying Lie algebras) is of fundamental importance, as is shown in Appendix 

E 

We have obtained a similar result for the case of spinorial QED earlier, see 
PI and [|r^. However, from the mathematical point of view, the problems 
occurring in this paper are much more complicated due to the fact that the 
matter field part of the observable algebra is generated by a non-compact Lie 
algebra. Consequently, the observable algebra is infinite-dimensional and its 
representations are more difficult to control. For some earlier work on scalar 
lattice QED we refer to and for basic notions concerning lattice gauge 
theories we refer to [|19| and references therein. Recently, we have started to 
investigate lattice QCD in the above spirit, see |T2[. 

Our paper is organized as follows: In Sections || we discuss the standard 
second quantization procedure on the lattice. We define the field algebra, 
discuss the Gauss law and introduce the notion of boundary data. In Section 
^ we construct observables in terms of field operators and give an abstract 
definition of the observable algebra in terms of generators and relations. Fi- 
nally, we endow it with a C*-structure. In Section ^ we find all faithful, 
irreducible and non-degenerate representations of the observable algebra and 
prove that they are labeled by the eigenvalues of the total charge operator. 
This yields the superselection structure. Finally, we discuss some perspec- 
tives of our approach. In Appendix ^ we give an example of a non-integrable 
representation carrying non-integer charge and in Appendix ^ we present a 
unified description for both bosonic and fermionic matter. 
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2 Scalar QED on the Lattice 

Continuum scalar quantum electrodynamics (QED) is the theory of a comp- 
lex-valued scalar field (f) interacting with the electromagnetic field A^. The 
classical Lagrangian of this model is defined as follows 

C = —F.^F^'^ - \D;A>D^ct> - V{\<P\'), (2.1) 

where = 9^0 + igA^cf), F^„ = d^A^, - d^A^, g = e/h. Local gauge 

transformations are given by 

0(x) = e-'^^(^V, Mx) = A,{x) + d^\{x). (2.2) 

For a given Cauchy hyperplane — {t — const} in Minkowski space, the 
above Lagrangian gives rise to an infinite-dimensional Hamiltonian system 
in variables {Ak, E^, 0, tt) with the Hamiltonian 

n=l{E,E' + B, B^) + \\^? + \ + V{m, (2.3) 

where B — curl A is the magnetic field, E is the electric field (the momen- 
tum canonically conjugate to A) and tt denotes the momentum canonically 

conjugate to (p . 

Let us take a finite, regular, cubic lattice A contained in S, with lattice 
spacing a, and let us denote the set of n-dimensional lattice elements by 
A",n = 0, 1,2,3. Such elements are (in increasing order of n) called sites, 
links, plaquettes and cubes. We approximate every continuous configuration 
(Afc, E^, 0, tt) in the following way: 





A'3x 


— 01 


- <f>{x)eC, 


(2.4) 




A°9x 




:= 7r(x) e C , 


(2.5) 


A^^ 


{x, X + k) — > 


A 


:= / AkdleR, 

J {x,x+k) 


(2.6) 




{x, X + k) — > 




:= 1 E'^dakeR. 

J a{x,x+k) 


(2.7) 



Here a{x, x + k) denotes a plaquette of the dual lattice, dual to the link 
{x,x + k) E A^. A local gauge transformation of a lattice configuration is 
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given by: 



A 



x,x+k 
,0 



exp( 
exp( 



-ig\ 
4 + A 



x+k 



Ax 



(2.8) 
(2.9) 
(2.10) 



where A. 3 x — > G R. The electric field E is gauge invariant. Note that 
we have chosen the non-compact lattice approximation, where the potential 
and the field strength remain Lie-algebra-valued on the lattice level. 

We define second quantization of the lattice theory by postulating the 
following canonical commutation relations for the lattice quantum fields 
{A, E, (J), tt) corresponding to the classical lattice fields given by ( p.4|) - 



2ih6xyl 



A . P - 

^x,x+k^ -^y,y+l 



^^^(x,x+k),{y,y+i)^ 



(2.11) 
(2.12) 

The remaining commutators have to vanish. Here, x+k) (y y+i) — ^ ("^j •^'^ 
k) and {y, y + 1) are different links, S^^ = 1 if they coincide and 

have the same orientation and (yy+i) = — 1 if they coincide and have 

opposite orientations. 

All irreducible representations in the strong (Weyl) sense of the above al- 
gebra are equivalent to the Schrodinger representation, see ^ , of wave func- 
tions G Ho = L'^{A, (p) . We denote the field algebra of bounded operators 
on Hq , generated by (i, E, 0, vr) and fulfilling (|TJ) and (gl2D , by J^(A) . 
It is endowed with a natural ^-operator, such that A and E are self-adjoint. 
Obviously, J^(A) contains a lot of unphysical (gauge-dependent) elements. 
Moreover, the above electric field E does not automatically satisfy the Gauss 
law. In what follows we will present an explicit construction of the algebra 
C(A) of observables (gauge invariant operators satisfying the Gauss law), 
together with a complete classification of its irreducible representations. 

The group of local gauge transformations acts on JF(A) by automor- 
phisms, whose generators are given by 



A° 3 X ^ 4 := - e End(^(A)) 



(2.13) 



with 



qx = \ lm(0*. Tlx) - hi 



(2.14) 
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denoting the operator of electric charge at x . Thus, the corresponding (lo- 
cal) Gauss law constraint, which has to be imposed on observables, has the 
following form 

= (2.15) 



We define the operator Q of total electric charge putting 

g J] . (2.16) 

Summing up the local Gauss laws over all lattice sites, we see that nontrivial 
values of the total charge Q can only arise from nontrivial boundary data, 
which we are now going to introduce. For this purpose we consider also 
external links of A, connecting lattice sites belonging to the boundary dh. 
with "the rest of the world" . We denote these external hnks by {x, oo) and 
consider their electric fluxes E^^^. Then we obtain from the Gauss law 

Q=Y. ' (2.17) 

where we denote := dh. fl A". In this paper we assume that the fluxes 
Ex,oo s-re constant in time. 

For purposes of the construction of the complete field theory via a limit 
of lattice approximations, wc may treat A as a piece of a bigger lattice A. 
Then the boundary fiux operators Ex,oo belong to J^{h) and - due to locality 
of the theory - must commute with all elements of the field algebra ^(A). 
Physically, these external fluxes measure the "violation of the local Gauss 
law" on the boundary dh. , 

Ex,^ ■=qx-^ E^,x+k ■ (2-18) 



This is due to the fact, that the "world outside of A" has been discarded on 
this level of approximation. According to the above discussion, we assume 
that the above elements belong to the center of the algebra J^{h). Math- 
ematically, admitting non- vanishing elements of this type is equivalent to 
admitting gauge dependence of quantum states under the action of bound- 
ary gauges dh^ 3 x ^ ^{x) e U{1) . 
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As will be shown, the charge operator Q defines a superselection rule, 
giving Q = Q\ on every superselection sector. Consequently, the only con- 
sistent choice for the external fiuxes is E^^oo = E^^oo 1 on every superselection 
sector, where E^^oo are c-numbers fulfilling 

Q= Yl • ^2.19) 

Therefore, we treat external fiuxes as prescribed, classical boundary con- 
ditions and show that representations characterized by the same value Q, 
but corresponding to different external flux distributions fulfllling ( p.l7| ) are 



equivalent. For a more detailed discussion of this point we refer to . 

When considering A as a piece of a bigger lattice A, we must also prescribe 
the interaction of the magnetic degrees of freedom on A with the rest of the 
world: in continuum theory, an additional condition for i?" or B-^ on the 
boundary is necessary. In lattice theory, these quantities live on external 
plaquettes of lattice cubes, adjacent to dA. In what follows, we simply assume 
the boundary condition i?" = over the whole boundary dA. Due to the 
Maxwell equation 

E^ = curls^ll , 

this condition is compatible with the fact that -E^^oo are time- independent. 
We stress that other boundary conditions could be considered as well. 



3 The Observable Algebra 

The observable algebra 0{A) will be deflned by imposing the local Gauss law 
and gauge invariance. To implement gauge invariance we have to take those 



elements of J-'{A) , which commute with all generators Qx ■ In Subsection |3]I 
we give a complete list of gauge invariant generators, built from elements 
of the fleld algebra. These generators are not independent, they have to 
fulfll a number of relations. Moreover, as an additional relation we impose 
the Gauss law. We deflne 0{A) as a C*-algebra generated by unbounded 
elements, fulfllling these relations. 
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3.1 Generators and defining relations 

We start with giving a complete list of generators of 0{K) on a purely alge- 
braic level. Obviously, the electric field 

as well as the magnetic flux through the rectangular plaquette (x; Z) at x , 
spanned by the vectors k and I , 

defined by 

^x;k,i ~ ^x,x+k + ^x+k,x+k+i + ^x+k+i,x+i + ^x+i,x i^-^) 

are gauge invariant. With every lattice path 7, starting at x and ending at 
y, we associate the following set of generators: 



= 0xexp(i5 / (3.2) 

= Cexp(z^ / i)7r^, (3.3) 

J ^ 

AC, = 7r:exp(^5 / A)^y, (3.4) 

= 7r;exp(i5 / A)TTy. (3.5) 

J '7 



We will use the symbol V-y as a place holder for any of C^, jCi^, Af-y or TZ^. 
It is clear that the set {I3,E,V^) generates the observable algebra. 

Gauge invariance of the theory, together with canonical commutation 
relations fulfilled by elements of field algebra generators {A, E, 0, tt), impose 
many relations between generators {13, E, V^) of the observable algebra. The 
proposition below contains a set of relations, which is minimal in the following 
sense: Taking them, together with the Gauss law, as defining relations of 
(9(A), we show that its faithful irreducible representations are unique, for a 
given value of the total charge. 

Proposition 3.1. The following relations between generators of the observ- 
able algebra hold: 
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1. For any lattice site x we have the Gauss law: 



(3.6) 



where the index "xx " on the right hand side stands for the trivial path 
at X. 

2. For any lattice site x and three independent vectors {k, I, h) , spanning 
a lattice cube at x, we have the Bianchi identity: 

3. For two different lattice paths 71 and 72 , both from x to y , we have 

^72 = e^iwB^-^jVji , (3.8) 

where 7]~^72 is the loop composed of and 72 (72 is adjoint to the 
end of Ji'^), and — ■ 

4- The following commutation relations between the electromagnetic and 
the matter field generators hold: 



V B - 



V E 

' 11 ^x,x+k 



, 

ehS, 



7,(a;,x-+fc)' 7 



V 



ih5 



d{x;k,i),{y,y+h) 



(3.9) 
(3.10) 
(3.11) 



^ere = Oifix,x + k)^^, = lif{x,x + k)e-f and 

has the same orientation as 7 and = — 1 otherwise. In the 

last formula, d{x; k, I) denotes the boundary of the oriented plaquette 
(x;k,i). 

5. The following commmutation relations between the matter field gener- 
ators hold: If ^ is a path from x to y, and 7' is a path from x' to y' , 
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then we have 

[C^,Cy] = (3.12) 

[C^,Xi.yi] = 2ih6xy'jCy^ (3.13) 

[C^,AfY] = 2ih6^>yC^y (3.14) 

[£^,7^y] = 2ih{6xy'J\fY-y + Sx'yXi-yy) (3.15) 

[M^,My] = 2ih{6xy'MY^ — Sx'yM-yy) (3.16) 

[Mj,Afy] = (3.17) 

[Mj,ny] = 2ih5xy'iiy^ (3.18) 

[ACyjATy] = 2ih{6x'yAfjY - Sxy'N'yj) (3.19) 

[ACy,7^y] = 2ih6x'yiZjY (3.20) 

[7^^,7^y] = 0. (3.21) 

Thus, the invariant fields generate a Lie algebra. 

6. The ^-operator acts on the matter field generators as follows: 

{t^y = c^-i, {M^y = Af^-i, {Af^y = m^-i, (n^y = n^-i. 

(3.22) 

7. For any path 7 from x to y and any path 7' from y to z , the following 
identity holds: 

Proof: by a number of lengthy, but simple calculations, which we leave to 
the reader. □ 
In particular, equation ( p.6|) follows from equation ( p.l4| ), with the right- 
hand-side expressed in terms of the generators Ai, 

qx = ^ lm{Mx.) -el . (3.24) 

Summing over all lattice points yields the expression for the global charge: 

Q = lYl MMxx) -Nei, (3.25) 

xeAO 

with N being the number of lattice points. 

Now we are able to give an abstract definition of the observable algebra, 
which does not refer any more to the field algebra we started with. 
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Definition 3.2. The observable algebra 0{h) is a C*-algebra generated by 
abstract elements {B,E,V^) . The generators satisfy the following axioms: 

1. The Gauss law ( ^.6D . 

2. The Bianchi identities ( p.7|) . 



3. Identities (|3.8|) , relating generators V-y for two different paths with com- 
mon end points. 



4. The commutation relations (|3.9| ) - ( 3.11| ) between electromagnetic and 
matter field generators. 



5. The Lie algebra commutation relations (|3.12| ) - ( |3.21| ) among the mat- 
ter field generators. 

6. The generators E and B are self-adjoint, E* = E and B* = B , whereas 
the matter field generators fuUfil (|3.22| ). 

7. There is a single pair (70, 7o) of non-trivial paths with a common in- 
termediate point yo , 70 connecting xq with yo 7^ xq and 7q connecting 
yo with zq yo, such that the following identity holds: 

-^70-^70 ~ -^yo 2/0-^7070 ■ (3.26) 

The notion "C*-algebra generated by abstract elements" is meant in the 
sense of Woronowicz [|T^ and will be explained in Subsection |3T3 . 



From the above axioms we obtain the following basic 
Lemma 3.3. 

1. All generators are normal: 

2. For any path 7 from x to y and any path 7' from y to z, the following 
identities hold: 

7?.-y7^^' = T^yyT^yyl , (3.28) 
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//, moreover, the end z of 'j' differs from y, then the following identity 
holds: 



C^My = CyyM^Y . (3.29) 

//, moreover, also the beginning x of ^ differs from y, then the following 
identity holds: 

3. The element 

X6AO x'SAO 

commutes with all elements V and, therefore, belongs to the center of 
the observable algebra. 

Proof: Points 1. and 3. are easily proved by direct inspection. To prove 
point 2. we have to consider two cases: the generic one, when all the three 
points X, y and z are different and the non-generic one, when two of them 
coincide. We begin with the generic case. Suppose that x is different from 
Xo,?/o and zq . Choose any path a from x to Xq. Acting with adTW^ to the 
right on both sides of ( |3.26| ), (i. e. taking the commutator with -^M.a) we 
obtain: 



1 

2ih 



(3.32) 



Using identity ( p.8|) , we can replace the path 070 by any other path from x 
to yo and the path 7q by any other path from yQ to zq. Acting successively 
with appropriate operators ad^Vl or acLA/", we may shift in the same way the 
endpoints yo and zq to any other generic positions y and z. We stress that the 
above procedure holds for both generic and non-generic (i. e. xq = zq) initial 
position. The cases x = y or y = z are trivial. Finally, the only nontrivial 
non-generic case of equation ( p.27| ), namely x = z, may be obtained in a 
similar way from the generic case, by acting with adA^/3, where /3 is a path 
from z to X. This operation shifts point z to x. This ends the proof of 



formula ( 3.27 ). 
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Acting, in the generic case, with adTZzz on ( ^.27| ), we directly get a generic 
case of ( p. 291) . Acting on it once more with adTZxx, we get a generic case 
of ( |3.30| ). Finally, acting successively two times with a.dTZzz on the latter 
identity, we get a generic case of ( |3.28|) . 



Non generic cases x = z of (|3.28|) , (|3.29| ) and (|3.30| ) are also easily ob- 
tained by acting on corresponding generic cases with adAip, where /3 is a 
path from z to x. This operation shifts point x to z. □ 

Remarks: 

1. As will be seen later, the real and the imaginary parts of generators of 
the observable algebra are, in any physical representation, unbounded 
self-adjoint operators. Writing bilinear relations for unbounded opera- 
tors is, in general, meaningless. However, as will be seen in the sequel, 
part of the observable algebra 0{A) is generated from a certain Lie sub- 
algebra of the Lie algebra defined by formulae ( p.l2| ) - ( |3.21| ). We will 
show that non-degenerate representations of 0{A) are given by unitary 
representations of the corresponding Lie group (or, equivalently, from 
integrable representations of the Lie algebra). Commutation relations 
( p. 12 ) - ( 3.21| ), together with integrability of the representation, imply 



that in equations ([Sj), (lOel ), ( [OTI) , ( ^2^ ) and ( p30| ) we always mul- 
tiply strongly commuting observables. Therefore, the products used in 
these equations will be always unambiguously defined. The same ar- 
gument applies also to the right- hand- side of equation (|3.29|) and to its 



left-hand-side, provided x ^ z. The only problem could come from the 
left-hand-side of ( p.29|) , for x = z, because the two elements and 



A4yi do not commute. 



Let us discuss this point in more detail: Without any loss of generality, 
we may limit ourselves to the case 7' = 7"^. Observe that we have 



= ReC^RejCiy — ImC^lmXiy 

+ i (ReC^lmMy + Im£^ReA^y) . (3.33) 



It follows immediately from the commutation relations that Re£^ com- 
mutes with ImjCiy. Similarly, ReA^^' commutes with Im£^. This 
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means, that the imaginary part of the above expression is unambigu- 
ously defined as a product of commuting observables. To give a mean- 
ing also to its real part we take the unambiguously defined identity 

and act on both its sides with a-dAip, where /? is a path from z to x. 
As a result we get precisely the real part of expression (p.33|) , which is, 
therefore, unambiguously defined by the adjoint action of self-adjoint 
operators on self-adjoint operators. This shows that the above relations 
of the observable algebra can be meaningfully formulated on the level 
of unbounded operators. 



2. Applying successively operators ad£ to identity (|3.26|) , as we did in 



the above proof, we may produce a lot of new identities. Each of them 
could also have been used as a defining relation instead of (p.26|) . In 



the Lemma, we have listed only those identities, which will be used in 
the sequel. 

3. By point 3 of the above Lemma, the observable Z defines a superse- 
lection rule. Therefore, the physical Hilbert space is a direct sum of 
charge superselection sectors. 



on which Z acts as . Due to definition ( |3.25|) , the same is true for 
the global charge Q and, moreover, -Qa = Z^ — N. As will be shown 
later, Z(-^ may assume only integer values which proves that also -Qa 
is integer. 



3.2 Generating the observable algebra from the tree 
data 

A convenient way to solve relations between generators is to choose a tree, 
i. e. to choose a unique path connecting any pair of lattice sites. More 
precisely, a tree is a pair {xo,T), where Xq is a distinguished lattice site 
(called root) and T is a set of lattice links such that for any lattice site x 
there is exactly one path from x^to x, with links belonging to T. Suppose, we 
have chosen a tree. Then, for any pair (x, y) of lattice sites, there is a unique 
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along tree path from x to y. Denote by Vx,y the generator corresponding 
to this path. Due to equation (|3.8|) , the remaining generators V may be 
expressed in terms of those, provided we know the magnetic field B. To 
choose independent quantities among the electromagnetic generators, take 
any off tree link {x,x + k), and denote by B^^_^_f, the magnetic flux through 

the surface spanned by the closed path composed of the link {x, x + k) and the 
unique on-tree path from x + fc to x. It is easily seen that, solving the Bianchi 
identities ( p.7|) , starting from the root and moving outside, we can reconstruct 
all the magnetic fluxes -B^.^f from B^^_^_j^. Among electric fields we may also 
choose only those which correspond to off tree links as independent quantities. 
Indeed, solving the Gauss law ( p3.6D for E, starting from the boundary and 
moving towards the root, with local charges expressed in terms generators 
Vx,y and the boundary data Ex,oo given, we can reconstruct all the remaining 
elements E^^j^f,. This way we get the following 

Proposition 3.4. For a given tree T, the set of tree data 

{^x,y. 4,x+fc) . {x,x + k)ir , 

constitute a complete set of generators of 0{A) . 

For further details of the proof, we refer the reader to the (completely 
analogous) proof for the case of QED with fermions, contained in ||10|| . 

Obviously, the tree data inherit commutation relations from Definition 
p.2| . In particular, from point 4 of this definition, we read off the following 
commutation relations: 

[4,x+fc' KyJ = ^^--s/)^(fc,oi' (3-35) 

where {x,x + k) ^ T, {y,y + i) ^ T. Hence, the independent electromagnetic 
fields fulfill the canonical commutation relations. The corresponding asso- 
ciative algebra, generated by these fields, will be denoted by O^. Moreover, 
for {z,z + k) ^ T we have: 

[P^y^KzVkl = 0, (3.36) 
[P^y^K+k] = 0, (3.37) 

which means that commutes with the subalgebra O^""* C 0{A) , spanned 
by the matter field generators Vxy ■ This fact, together with Proposition 3.4 , 
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implies that the observable algebra decomposes as follows: 

0{k) = C^™ ® O^^' . (3.38) 



We know already from point 5 of Proposition respectively from point 
5 of Definition p.2| , that the algebra O^""*^ is generated by a Lie algebra. The 
tree data inherit, of course, a Lie algebra structure, which we are now going 
to describe. For this purpose, let us label all the lattice sites by integers 
k = 1, . . . ,N . (In what follows, it does not matter, which one among the 
points Xk coincides with the previously chosen tree root xq ■) To simplify 
notation we shall write Vki instead of Vxf.,xi ■ Then, from point 5 of Definition 
p.2| , we have the following commutation relations: 

][Cki,C^n] = (3.39) 

j[Ckl,Mmn] = 2h6knC^i (3.40) 

\[Ckl,J\fmn] = '^fi^mli^kn (3-41) 

Wtkuilmn] = 2h{6knAf^l + S^mlMkn) (3.42) 

][Mkl,M^n] = 2h{5knMml - 5^lMkn) (3.43) 

WMuiM^n] = (3.44) 

\[MM,il^n] = 2h6knnml (3.45) 
^[J\fkl,Mmn] = 2h{6mlAfkn - SknJ^ml) (3.46) 
][Al,nmn] = '2M^{Rkn (3.47) 

WUku-Rn^n] = (3.48) 
Moreover, from point 6 of this definition, we have: 

{CkiT = Cik, (MkiT = Mk, {AiT = Mik, {nkiT = nik- (3.49) 

These relations define a complex Lie algebra, denoted by g™"*, with Lie 
bracket \[-,-] and with conjugation given by ( p.49|) . Consider now the 
Lie algebra gl{2N,<C) (with ordinary Lie bracket [A,B] = AB — BA), and 
with conjugation "*" defined as follows: 

A* := -l(^,;v)A^l(iv,7V) , A e gli2N, C) . (3.50) 
Here "f" denotes Hermitian conjugation and 

l(iv,7V) := (V -D ' 
with Ijy being the unit (A^ x A^)-matrix. 
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Lemma 3.5. The mapping 



defined by 

ntki) ■■= HTiTt;) FiMu) := H'-t: -Z,) (3-51) 

W/) := H^Lk) ^(^H):=¥(-t^t:0 ^ (3-52) 

with {Em) being the canonical basis of gl{N, <C), is an isomorphism of complex 
Lie algebras with conjugation, 

F{X*) = F{X)*, 

for x,ye ■ 

Proof: by a lengthy, but simple calculation, which we leave to the reader. □ 

In what follows, we shall often omit writing F and identify F{V) with V. 

We denote the real form of g^^'**, corresponding to "*" by g™"*. The 
elements of this real Lie algebra are physical observables, spanned by the 
self-adjoint elements (RePfcz, ImPfc^). Under the above isomorphism, g™"* is 
identified with the real form 

u{N, N) := {A G gl{2N, €) : A* = A} 

of gl{2N, C) , corresponding to the conjugation defined by ( p.50[ ). Exponen- 
tiating u{N, N) we obtain the corresponding connected Lie group U{N, N) , 
consisting of those linear transformations of which preserve the hermi- 
tian form defined by l(Ar,Ar): 

U{N,N) := {U e Mat2iVx2^(C) : UH(^n^n)U = l(7v,^)} • 

As we will see, non-degenerate representations of 0^°'^ will be given by intre- 
grable representations of g^"* = u{N, N), this means unitary representations 
of the group U{N,N). 

Observe that due to identification (|3.51|) we have 

Z=\J2 = ^1(27V) • (3.53) 

k 
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This element generates the center u{l) of u{N,N). The restriction of any 
non-degenerate representation of the observable algebra to the center can be 
integrated to a representation of the subgroup {exp(?rl(2Ar)) , r G R^} = 
[/(I) . This implies that the spectrum of Z must be integer. We conclude 

that the spectrum of the charge operator ^, defined by formula ( |3.25D must 
be integer, too. 

Observe that equations (|3.27|) - (|3.3CI| ) (implied by axiom ( p.26| )) may be 
rewritten in the following form: For any triple Xi, Xj, Xk of lattice points we 
have: 



'^^ij'^^jk ^^jj'^ik • 

If, moreover, j ^ k, then we have: 



HjJ^ljk — ^jj-Mik ■ 

If, moreover, i ^ j, then we have: 

J\fij.A^jk ^jj^ik "^ik^jj • 



(3.54) 
(3.55) 

(3.56) 

(3.57) 



3.3 Functional analytic structure 

Now we are able to endow the observable algebra with a functional analytic 
structure. Recall that C(A) is the tensor product of and 0^"* , see 



( |3.38| ). It turns out that both components can be endowed with the structure 
of a C*-algebra generated by unbounded elements in the sense of Woronowicz, 
see 



Since O^^"* is generated by the Lie algebra u{N,N), we take the C*- 
algebra C*{U{N,N)) and factorize it with respect to the ideal generated by 
relations (|3.54|) - ( p.57|) . (In fact, it is sufficient to impose only one of these 
relations: the proof of Lemma ^.3| shows that one of these identities implies 



the remaining ones.) 

The C*-algebra C* (G) of any locally compact group may be obtained as 
the C*-completion of the group algebra of G. By definition, the latter is the 
space L^{G) of integrable functions on the group, with convolution providing 
the product structure. The completion is taken with respect to the following 
norm: 

= sup^\\rr{f)\\ , (3.58) 
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where / G L^{G), the supremum is taken over all representations vr of the 
group and 7r(/) denotes the operator obtained by smearing the representation 
over the group with the function /, see [0], [0. We note that C*{G) is one 
of the classes of examples considered by Woronowicz. It is generated by any 
basis of the Lie algebra of G, see and |T^. We stress that these generators 
are not elements of C*{G), they are only affiliated in the C*-sense. 

Thus, take the algebra C*{U{N, N)). To impose relations ( ^M ) - (HI 



on generators (more precisely, their real and imaginary parts) we multiply 
them from both sides by elements of C*{U{N, N)) belonging to the common 
dense domain of the generators (e. g. the so called smooth elements, corre- 
sponding to functions of the class C^{U{N, N)) C L'^{U{N, N))). This way 
we generate a double-sided ideal J C C*{U{N, N)). We define the matter 
algebra O™"* as the quotient: 

^rnat ^ C*{U{N, N)) / J . (3.59) 

It is worthwhile to notice that the same ideal may be obtained as the space 
of elements whose norm vanishes, if we replace ( p.58 ) by the supremum over 



only those representations, which fulfill additional identities ( |3.54[ ) - ( p.57| ). 
Thus, 0"^°"* could be defined also as the completion of L^{U{N,N)) with 
respect to the latter norm (cf. []TB|, JT?!). 



Next, we endow the electromagnetic component with a C*-structure. 
Again, the theory of Woronowicz can be applied. By the von Neumann the- 
orem, all irreducible representations of the (electromagnetic) canonical com- 
mutation relations (|3.35|) are isomorphic to the Schodinger representation. 



We take as the C*-algebra CB{H) of compact operators acting on the 
Hilbert space H of this representation. Here, no additional identities have to 
be imposed. Again, the generators and are affiliated with the 

algebra. 

Finally, the C*-algebra 0{A) is, by definition, the minimal tensor prod- 
uct of O^""* with O^. Then, for elements A, affiliated with OJp''^ and B, 
affihated with O^, A^B is affiliated with 0(A). 
Remarks: 

1. We stress that C(A) is a C*-algebra without identity. On the abstract 
level, the element 1 appearing in formulae ( p.24|) and ( p.25|) has to be 
understood as the identity in the multiplier algebra M {0{A)), which 
is a subalgebra of the set of affiliated elements. 
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2. As noticed by Woronowicz there exists an abstract definition of 
C*{G), wliicli applies to any topological group G, not necessarily be- 
ing a Lie group. More precisely, a C*-algebra A and a homomorphism 
a : G —>■ M{A) of G into unitary elements of the multiplier algebra 
M{A) is called a C*-algebra of G and denoted G*{G) if the pair {A, a) 
is universal in the following sense: for any other such pair [B, j3), there 
exists a morphism ip G Mor{A, B), such that (3 = (po a (for the defini- 
tion of Mor{A, B) see [jl^)- An effective construction in case of a locally 
compact group consists in taking the above mentioned C*-completion 
of the group algebra of G. 



Representations of the Observable Algebra 
and the Charge Superselection Structure 



We are going to construct all faithful, irreducible and non-degenerate repre- 
sentations of the observable algebra 0{A) . Concerning the electromagnetic 
part, the von Neumann theorem guarantees uniqueness of representations. 

11 



As for the matter part, there is a one-to-one correspondence (c.f. [p!8| ) 
between non-degenerate representations of the algebra C*{U{N,N)) with 
unitary representations of the Lie group U{N, N). Thus, by Definition |3.59| , 
the non-degenerate representations of O™"* are given by those faithful, irre- 
ducible and integrable representations of the Lie algebra g™"*, which respect 



the additional relations p.54| ) - ( p. 571 ). To find them, we shall further reduce 



mat 



^mat ^ certain Lie subalgebra i)^"'^ C g™"* , such that it also generates 
and that the enveloping algebra of 1)5^"* does not inherit any identities from 
the relations defining the ideal J^. We will show that, given a representation 
of f)^"* of the above type, relations (|3.54|) - (|3.57|) enable us to construct a 



unique representation of O^"* , for a given value of total charge. Moreover, 
every representations of O^""^ is obtained this way. 

To define the Lie subalgebra ()™"* , we fix one lattice point, say xn, and 
take only those £'s and A^'s, which start at this point. More precisely, we 
denote: 

(4.1) 
(4.2) 
(4.3) 

nn) , (4.4) 



Qk 


'■— ^Nk , 


Pk 


■■= MNk , 


R 


:= ^NN , 


K 


:= Re {M 
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for A; = 1, . . . , — 1. Observe that P and Q are normal, [P, P*] = [Q, Q*] = 
, whereas R and K are hermitean, R* = R , K* = K . Denoting Qk = 
Ik + ^?fc = Pk + wh with and pi being self-adjoint, we read off from 

relations (|3.39| ) - ( p.48| ) the following commutation relations: 



ibt^-nPi] = R^mS^', (4.5) 
= R, (4.6) 

'-[ql,\K] = g^ (4.7) 

UpI-hK] = p^ (4.8) 

whereas the remaining commutators vanish. 

Observe that formulae ( [4.5[ ) are the commutation relations of the real 
Heisenberg Lie algebra T-C2(n-i) , generated by 2(A^ — 1) canonically conjugate 
pairs {qj, ^pj) and with center generated by R. The 1-dimensional Lie algebra 
generated by \K acts by (|]|) - (|]8|) on (AT-i) , endowing 1)^"* with the 
structure of a semidirect sum, 

f)r* = ®s n^iN-i) . (4.9) 

Observe that the enveloping algebra spanned by ()^°* does not inherit any 
identities from the defining relations ( |3.54| ) - (|3.57| ), indeed. 

4.1 Representations of the Lie algebra 

Theorem 4.1. There are exactly two faithful, irreducible and integrable rep- 
resentations of the Lie algebra f)^*^*. They are both defined on the Hilbert 
space H := L^(C^~^ x R^), and are given by the following formulae: 

(Qfe^)(2;i,...,2;;v-i,A) = ±e^Zk^{zi, . . . .z^-uX) . (4.10) 

2h d 

{Pk^){zi,...,ZN-iA) = e^— — ^(2;i,...,Z7v-i,A) , (4.11) 

{R^){zi,...,ZN-u\) = ±e2^^(^i,...,;2^_i,A) , (4.12) 

h d 

iK^)izi,...,zr,.u\) = -—<il{zi,...,ZN-i,X), (4.13) 

z oX 

where E H and {zi, zn-i, A) G C^^^ x . 
Proof: We use the following matrix representation of 

k p r 

X(fc,r,p,q) := I q | , (4.14) 
-A; 
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where q^, p G H"^^^ ^\ k,r E , and the generators are identified as 
follows: 





= X(l, 0,0,0), 




R 


= X(0, 1,0,0), 






= X(0,0,5i,0), 






= X(0,0,5^(^_i), 


f,,0). 




= X(0,0,0,5j), 




Ik 


= X(0,0,0,5^(^_ 


i)+j) • 



Exponentiating representation ( [4.14|) , we obtain the following matrix repre- 



sentation of the connected, simply connected Lie group HJp , corresponding 

ma 
T 



to f)^"* 




f7(u,c,a,b)= 1b, (4.15) 



where a-'", b G ]R^^^~^) , c G and u G R+ . For -u = 1 , this formula yields 
the standard matrix representation of the (4(A^ — 1) + l)-dimensional real 
Heisenberg group H2(n~i) ■ On the other hand, for a = = b and c = , it 
yields the real (multiplicative) group in 1 dimension. Thus, HJp"-^ coincides 
with the following semidirect product: 

i/r* = 11+ Xs ^2(^-1) . (4.16) 
Since H^^n-i) is a closed normal subgroup of H^"-^, we can apply the method 



of induced representations, see |18|. The faithful, unitary, irreducible repre- 



sentations of H2(N-i) are labeled by t G R* = \ , 

mg{l, c, a, b))/) (x) = e^*(^-+^) /(x + a) , (4.17) 

with / G L^(R^*^^~-'^)), see [|l8l. Any two representations labeled by t and 
t' , with t ^ t' , are unitarily inequivalent. We have to find the orbits of 
the action of H^°-^ on the space H2{n-i) of equivalence classes of unitary 
irreducible representations of H2(n-i) ■ This action reduces to the action of 
R+, 

H2iN-i) X R+ 9 {Ut, g{u, 0, 0, 0)) ^ Ut o Adg{u, 0, 0, 0) G ^2(iv-i) • 
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Using formula ( [4.17] ) it can be shown that - up to unitary equivalence - we 
have 

f/toAd(7(n, 0,0,0) = Uu2t. 

Thus, there are two orbits, 0+ = {t G : t > 0} and 0_ = {t G : t < 0}. 
For both orbits, the stabilizer of each point on the orbit is conjugate to 
H2{N-i) , and R+ acts transitively on each orbit. Consequently, there are 
two equivalence classes of faithful, unitary, irreducible representations U± of 
ffmat^ induced from the representations Ut , defined on the spaces 

n± = L-' (0±,L2(r2(a^-i))) 

of functions on 0± with values in the representation space L^(R^^^~^^) of 
H2(N-i) ■ Identifying both orbits with , by putting t = ±e^^ , we have 
Ti.± = L^(R^*^^~^)+^) , and a simple calculation yields the following induced 
representations: 

{U±{g{u, c, a, b))/)(x. A) = e±-''"('=-'i'-+^) /(x + e^a, X + \nu). 

(4.18) 

Differentiating these representations along the one parameter subgroups gen- 
erated by the above defined basis elements of 7i^"* and identifying R^^-'^"^) 
with C(^-^) , we obtain exactly formulae (|4Tl| ) - j^J^ . □ 
Observe that the transformation 



/ i^C^y) = -n,y , (4.19) 

/ (n^y^ = -C^y , (4.20) 

l[M.y) = Ay, (4.21) 

I (Ay) = M^y, (4.22) 



preserves the defining relations (|3.12|) - (|3.28| ) and, therefore, generates an 



automorphism of (9™ . This automorphism intertwines the two representa- 



tions given by Theorem |4.1| . Thus, it is sufficient to consider the positive 
representation only, because the other one is equivalent to one obtained from 
the positive representation by relabeling of the elements of O™"*. Such a 
relabeling changes, however, the physical meaning of some observables. This 
is, in particular, true for the electric charge. Indeed, the sign of Ith^J^xx) 
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changes under the transformation I. Consequently, the definition ( |3.24| ) of 
the electric charge, would have to be supplemented by the sign of the rep- 
resentation. Therefore, we choose the positive representation once for ever. 
This choice implies the positivity of all the elements Cxx and TZxx- 

It is interesting to observe that we could postulate the positivity of only 
one of them, say Cxqxqi as an additional axiom for the observable algebra. 
Indeed, identity (|3.26|) implies 

t -t =t -t =t -(t V>0 

Similarily, we get for x ^ y 

T^xx ' ^yy ■^xy ' -^^yx J^xy ' ^y'^^xy^ ^ . 

Hence, choosing the positive sign of Cx^xq we obtain positivity for all of them. 

4.2 Local charge operators 

Lemma 4.2. In the positive representation we have 

{qx,^){zi, ZN-i, A) = ^{zi, ZN-i, A) , (4.23) 

I a arg^fc 

jork = \,...,N -\. 
Proof: Due to identity 

Q\Pk = ^kN-M-Nk = -M-kk^NN = R-Mkk , 

and to formulae ( [4.10|) - (^4.13|) , we have: 



2h d 

RMkk = Rzk—j— . (4.24) 

t dzk 

The operator R is strictly positive and, hence, we may skip it on both sides 
of the equation. This way we obtain: 

2h d 

Mkk = Zk — T— ■ (4.25) 

I dzk 



The imaginary part of this operator gives us ( [4.23 ). □ 
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Remark : Deriving ( [4.25| ) from ( 4.24| ), we have, in fact, divided both sides 
of the equation hj R = Cnn- Such an operation is, of course, meaningless 
on the level of the abstract algebra O™"*. On the level of representations, 
however, we have proved that R cannot be a divisor of zero. Hence, this 
operation is fully justified. 

Corollary 4.3. In every representation of O^^""^, the local charge operators 



q^^. take integer eigenvalues (in units of the elementary charge) only, 
the spectrum of each q^^^ is given by 

Sp(g,.J = eN . 



Thus, 



4.3 



Constructing representations of Oip"'^ from repre- 
sentations of [)™°^ 



We will show that each irreducible, faithful and non-degenerate represen- 
tation of O™'** , assigned to a given tree, is uniquely generated by a corre- 
sponding representation of its Lie subalgebra i)^""^, provided the total electric 
charge Q carried by the matter field is fixed. 

Suppose that a representation of O™"* is given. Choosing instead of xn 
any other reference point Xi , we obtain a family of Lie subalgebras. 

The restrictions of the above representation to these subalgebras are all given 
by Theorem [4.1| . In particular, for xi , the corresponding Lie subalgebra 
t)^°'^{xi) is generated by the following observables: 



for k 



Qk 

Pk 
R 
K 

= 2, 



^Ik 5 

Mik , 
Re (.Mil) 



(4.26) 
(4.27) 
(4.28) 
(4.29) 



. The corresponding positive representation is equivalent to 



the following one: 




(Qfc^)(/i, W2, . 


.,Wn) 


(Pfe^)(/i,W2,. 


.,Wn) 




.,Wn) 




.,Wn) 



e''— -— W(/i, W2, • • • , wn) 

I OWk 

h d ~ . . 

- — W(/i,ti)2, . . .,Wn) , 



(4.30) 
(4.31) 
(4.32) 
(4.33) 
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with -q/ e n = L2(]R1 X C^-^). We stress that if we deah with the re- 
strictions of an arbitrary representation of the Lie algebra g™"* to the two 
subalgebras under consideration, then these restrictions would be completely 
independent. Here, the additional constraints (|3.27| ) - (|3.28| ) imply a relation 



between the two Lie algebra representations, which enables us to express the 
wave function \E' in terms of the wave function \l/ uniquely. For this purpose, 
take the polar decomposition of wn , 

wn = e^^ , 

where |^| = 1 and = \wn \ ■ For any \E' G 7^ , define the following function 
$ G 7^: 

W2,..., wm) := e'^-^ ^{e^r\ w^C', • • • , w^.,r\ A) . (4.34) 

It is easy to check that this formula defines an isometric isomorphism from 
7i to 7i . (The factor in front of is necessary to convert the radial measure 
|2;i|d|2i| coming from the two dimensional measure dzidzi into the measure 
d/i and the measure dA into the radial measure |wAr|d|wAr|, coming from the 
two dimensional measure dwi^fdwN .) Hence, the transformation from $ to 
must be unitary, too. We are going to prove that this transformation is of 
a special type, consisting in multiplication by a phase factor only. 

Lemma 4.4. Given a faithful, irreducible, positive and non-degenerate rep- 
resentation of O^""* , the wave functions \E' and $ differ by a phase factor 
depending only upon the phase ^ of wn- More precisely, for any quantum 
state \1' we have: 

$ = e^<l>, (4.35) 
where Q is the total charge carried by the representation under consideration. 
Proof: For A; = 2, . . . , — 1 , we have in the first representation: 

RZlZk = QiQk = ^IN^Nk = ^NN^lk = RQk , (4.36) 

which, due to po^itivity of R implies Qk = ziZk. Thus, Qk acts on $ in the 
same way as on : 



Qk = ziZk = e^ -i-Wk-i ^ = e^ 



e'^Wk . 
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For k — N , this also holds true: 

Qn = = [CmJ = Ql = z,e^ = e^^e^ = e'^WN ■ 
Moreover, in the first representation we have : 

RR = RCu = ^NN^ii = (j^Ni^ ^Ni — QiQi = ^^z\Z\ = Re}^ , 

and, consequently, R = e^^. We conclude that the "position operators" 
(R, Qk) of the second representation act in the same way on $ as on ^. This 
imphes that $ and ^ may differ only by a phase factor, 

^ = cxp(i/)<l> , (4.37) 

where / is real. Next, we prove that the phase factor / does not depend upon 
variables /i , |wjv| and , for k = 2. . . . , N — 1 . For this purpose, observe 
that in the first representation wc have 



RMu = CnnMu = (^jCni) Mm = Qt-Pi = Rzi 



2h d 

i dzi 



and, consequently 



^11 = zi ■ — ^ . (4.38) 

I OZi 

The real part of this operator applied to $ gives 

K=~, (4.39) 

I OfJ, 

which coincides with K acting on "if. We conclude that the phase factor 
cannot depend upon /i. To prove that it does not depend upon w^, for 
k — 2, . . . , N — 1, neither, observe that in the first representation we have 



RPk — CnnM-IU — {Cni^ M-Nk — Q*Pk — Rzi 



2h d 



i dzk 
and, consequently, 

h^-zi--^. (4.40) 

I dzk 
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When applied to $ it yields 

Pk = ■ = ■ -i- , (4.41) 

exactly as in the \&-representation. This implies that / does not depend upon 
Wk- Finally, to prove the independence of / from \wn\ observe that in the 
second representation holds 

2n d 



N ■ 



i dwk 



RMnn = jCiiMnn = (>^i7v) MiN = Q*nPn = Rw 
and, consequently, 

2h d 

Mnn = wn ■ —w— ■ (4.42) 

I OWN 

The real part of this operator applied to \1/ yields 

^ ^ f - '^^ d \ h d , , 
K = Re (AIatat) = Re Wat ■ — -— = -\wn\ 

\ I OWN J ^ o \Wn\ 

^ ^ ^ kivl . (4.43) 



\wn\ i d \w \wn\ 

On the other hand, in the first representation K acts on \1/ as Trans- 
formed to the representation in terms of $ it gives precisely (|4.43|) . This 
implies that the phase factor / may depend only upon the phase of wat, 
/ = /(O- To prove the specific form of / in equation ([4.35|) , we differentiate 
$ in formula ( 4.34 ) and get 

e e 9 ^ e <9 ^ , , ,,^ 

- ^ = -j, ?^ = — 2^7^ ^- (4-44) 

I O aigWN ^ o arg4 t O aigZk 



Thus, by Lemma ^]2| we have: 

. . ^ = - E ^-^"^ = (^-- - ■ (4.45) 

I o aigWN 

On the other hand, in the second representation we have: 

= -^-^^ = -^^(exp(^/)<|.) (4.46) 
t o a.TgWN I O aigt, 

= exp(z/) f 6-^$ + (g.^ - g)$) , (4.47) 
V 9 arg^ J 
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which imphes 

TT^ = - • 4.48 
o arg4 e 

□ 

As a consequence we get the following 

Theorem 4.5. Given a value Q G eN of the total electric charge carried by 
the matter field, there exists exactly one faithful, irreducible, positive and non- 
degenerate representation of the algebra O^""^ , assigned to a given tree. This 
representation is uniquely generated by its restriction to the Lie subalgebra 
^mat ^ For different values of Q these representations are inequivalent. There 
is no non-degenerate representation of O^""^ corresponding to Q ^ eN. 

Proof: Choosing different points Xk, together with the corresponding Lie 
subalgebras i)^"'^{xk), and transforming between different representations, we 

may uniquely calculate elements Ckh J^ki and N'ki = {M.ik^ , for A; 7^ I, in a 
single, fixed representation, say the first one, described by the wave function 
^ . Then, we can represent also all the "ultralocal" observables Ckk-, -M-kk and 
Afcfc = (^-Mkk^ in this fixed representation. Indeed, in the representation 
based on Xk we have Ckk = R, whereas 

Mkk = K + th(^^ + l^ (4.49) 

according to formulae ( |4.4|) and (p.24| ). Finally, we find the representation of 
the observables TZki by choosing any x„ , different from both Xk and xi , and 
using formula 

^nnJ^kl = AnMnl ■ (4.50) 

□ 

We denote the irreducible representation space corresponding to eigen- 
value Z of the total charge by n^^\Z) . 

4.4 Charge superselection structure 

Now we use the fact that, for a given tree, the observable algebra decomposes, 
0{A) = O"^ ® 05?'^* , (4.51) 
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see ( ^.38 ) . But the electromagnetic part O'^ is generated by a finite number 



of canonically conjugate pairs. Tlius, its integrable representations are (up to 
unitary equivalence) unique, due to the von Neumann theorem [^]. Thus, the 
faithful, irreducible and non-degenerate representations of 0(A) are labeled 
by the irreducible charge sectors of the matter field part O^"* , as described 
in the previous subsection. For a given tree, we get the physical Hilbert space 
as a direct sum of charge superselection sectors, 

n{k) = {n^^ ® nr\z)} . (4.52) 

z 

Finally, it can be easily shown that a different choice of the tree induces a 
similar decomposition of 0{A) as above and the two decompositions are re- 
lated to each other via an isomorphism of the corresponding electromagnetic 
observable algebras. 



5 Discussion 

As we have seen, the fact that the observable algebra is generated by a certain 
Lie algebra, is extremely helpful for the classification of its irreducible rep- 
resentations. It should be also helpful for constructing the thermodynamic 
limit, because for taking the limit N ^ oo in the generating Lie algebra there 
seems to exist appropriate mathematical tools for studying the resulting rep- 
resentations, see |2^. However, it is doubtful, whether the classification of 



charge superselection sectors obtained here will carry over to the thermody- 
namic limit in a straightforward way. One should rather expect that these 
considerations will have to be supplemented by a discussion of field dynamics. 
For this purpose we define the lattice version of the field Hamiltonian ( p.3|) 
by the following procedure. In formulae ( |3.2| ) - ( p.5| ) we put 7 = {x,x + k) 
and use the substitution 

exp{ig / i) ~ l + iagAk, (5.53) 

J X 

^ (px + adkfpx ■ (5.54) 
Consequently, we obtain the following approximation: 

\Dct>{x)\' ^ ^(4.)-^ (^(,,,,.+^.) - LxJ - Lx) ■ (5.55) 



31 



This leads to the lattice version of the Hamiltonian (T^): 



H — Hel-mag + Hmatter + Hint , (5.56) 

where the electromagnetic, matter and interaction parts of the Hamiltonian 
are given by: 



el-mag = 3 X] {^x,x+k) + 2 ^ {^x;k,i) , (5-57) 

{x,x+k) x;k,l 

(5.58) 



Hint = 2 ^('^3:^2;) ^ (^^(x,x+k) ~ ^xx^ (^^{x,x+k) ~ ^xx^ ■ (5.59) 



Given a finite lattice, we have thus approximated the field by a quantum- 
mechanical system whose dynamics is governed by the positively defined 
Hamiltonian^ ( |5.56| ). Its ground state will be treated as a finite-lattice- 



approximation of the vacuum. Suppose that this vacuum state has been 



found. Then, applying the strategy outlined in |]10[, one should find the vac- 
uum in the thermodynamic limit as a projective limit of the above vacuum 
states corresponding to finite lattices. Using this vacuum, the physically 
admissible representations of the observable algebra (in the thermodynamic 
limit) could be singled out via the GNS-construction. To find the "true" 
vacuum will be, of course, extremely difficult, but may be one can find an 
approximation, which is "much better" than the perturbative vacuum. Then 
one can hope to get deeper insight into nonperturbative aspects of this model. 
The same remark applies to one- or multi-particle states. 

Of course, the ultra-violet limit of the theory (obtained by sending the 
lattice spacing a to zero) is, probably, much more difficult to investigate. 
But, in principle, the strategy outlined in |T0| applies also here. 
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Appendix 

A A Non-integrable Representation Carry- 
ing Non-integer Charge 

Quantization of charge is due to integrability of the representations of the Lie 
algebra generating the matter field part of the observable algebra. Below, we 
construct a weak (non-integrable) representation, which carries non-integer 
charge. At the same time we construct an interesting example of weakly 
commuting operators, which do not commute strongly (cf. |T3| ). 

We limit ourselves to a single lattice point {N = 1) and multiply the wave 
function by the phase factor = exp{ic ■ argz), c G N , as in formula ( |4.35| ). 
After this operation the spectrum of the charge operator 

i:=^ = i^. (A.1) 

e to aigz 

gets shifted by the value c. It is interesting that a similar "shift" can be 
also defined for any real number c e R. Of course, the result of such a 
"shift" cannot be unitarily equivalent to the original operator j. As will be 
seen in the sequel, this leads to a simple example of canonical commutation 
relations, which are fulfilled only in the weak sense: momenta pi and p2 do 
not commute strongly or, in other words, P = pi + ip2 is not normal. 

Consider, therefore, the Hilbert space H = L^(C) and define the following 
two groups of unitary transformations: 

{Uim){z) = -^{cp,{z + th)<iliz + th)) , (A.2) 

{U2{sm{z) = -^{Mz + ^sh)^{z + tsh)) , (A.3) 

where ipi (respectively ip2) is a phase factor obtained from the multivalued 
function 

ip{z) := exp{ic ■ aigz) , 
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by the cut along the real (respectively the imaginary) positive half-axis. De- 
note by Pa, a — 1,2, the self-adjoint generators of these groups: 



Ua{t) = exp{itpa) . 

These operators may be easily calculated on their common, dense domain 
D, consisting of those functions, which are smooth and vanish identically 
in a neighbourhood of the two cuts. Indeed, for ^ e D, a, straightforward 
calculation gives: 

This immediately implies weak commutation: 

However, the commutation relations are not satisfied in the strong sense, 
because the groups Ui and U2 do not commute. Indeed, take any smooth 
function "if with support contained in the square 5' = {— 2 < Re ^, Im ^ < 
— 1}. It is easy to check that we have 

C/2(3)C/i(3)* = exp(27ric)[/i(3)C/2(3)* , (A.6) 

and, whence, we obtain the strong commutation only for c e N. A simple 
geometric interpretation of this result consists in interpreting the multivalued 
function $ = • ^ as a function defined on the Riemann surface TZ of the 
logarithm, 

TZ — {(|2;|,arg2;) : \z\ e R+ , arg2; e R^} , 

and satisfying the condition: 

arg2; -I- 27r) = exp(27ric)$(|^|, arg^;) . 

These functions form a Hilbert space H with scalar product defined by in- 
tegration over any closed set D C TZ, which covers almost the whole space 
C only once. The mapping 9 ^ ^ $ := cp"^ G 7i is an isomorphism of 
Hilbert spaces. When interpreted in terms of 7i, the operators [/2(3)t/i(3) 
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and ?7i(3)f/2(3) describe dragging $ along the spiral surface TZ with respect 
to the two opposite helicities. 

Now, consider the operator X = xi + ix2, where xi (resp. X2) is the oper- 
ator of multiplication by the real (resp. the imaginary) part of z. Formulae 
(|A.2| ) and (|A.3|) imply that pi and xi satisfy the canonical commutation re- 
lations in the strong sense. The same is true for p2 and the operator X2- 
Hence, formally P = pi + ip2 and X = xi + 1x2 satisfy the commutation re- 
lations ( |2.11|) for quantum mechanics of two degrees of freedom in the weak 
sense. But, these relations are not satisfied strongly, because the real and the 
imaginary parts of P, although being self-adjoint, do not commute strongly. 
It is easy to show that the formal "charge operator" built from them, 

q:=lm(^X*P^ , 

is self-adjoint and has spectrum shifted by c with respect to the ordinary 
spectrum: 

Sp <? = + c : n G N} . 

We conclude that the operators t = X*X, M = X*P, Af = P*X and 
TZ = P*P satisfy the axioms of the observable algebra weakly, but do not 
provide its strong (integrable) realization. 



B A Unified Description of the Bosonic and 
the Fermionic Case 

Consider at each lattice point Xk the following bosonic annihilation and cre- 
ation operators: 

flfc := ^ (Re0fc + iReTTfc) , (B.l) 

hk := ^ (lm4 + ilmvTfc) , (B.2) 

= -i. ('Re^ - iReTTfc) , (B.3) 



a 



hi := ^ (W, - llmvr,) . (B.4) 
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Xk 


1 

V2 


{ttk + ihk) 




(pk + 


in 


* 


1 

■~ V2 


K + ^bl) 




<Pk - 


in 


* 

Xk 


1 


K - ^K) 




k- 


h^k 


y^k 


1 

V2 


(ttk - ihk) 




k + 


i * 

H^k 



Then, take their combinations: 

(B.5) 
(B.6) 
(B.7) 
(B.8) 

The entire information about the field algebra may be encoded in the follow- 
ing objects: 

= f S 1 ' rk = ( ^}] ■ (B.9) 



Vk J \ Vk 



In |T0[ and ||Tl| we considered spinoral QED, where the matter field was 
described by a similar structure. The only difference was, that there both x 
and ip carried an additional spinorial index K = 1,2, (but this only multiplies 
the number of degrees of freedom). These objects fulfill the canonical (anti)- 
commutation relations: 

[Xk, Xlh = i^Pk, V'^It = hd , (B.IO) 

where the upper sign always applies to the bosonic and the lower to the 
fermionic case. The remaining (anti)-commutators vanish. Due to ( ^.21 ), 
under a gauge transformation the field ip is multiplied by e~^^^^^\ whereas 
■ip* is multiplied by e'^^^^^\ Hence, as the observable algebra generators we 
may use the following gauge invariant combinations: 



kj := ±(piexp{ig / A) (p* , (B.ll) 

rij ■= -Xi ewiig A) Xj , (B.12) 

rriij := i^ipiexp{ig / A) Xj , (B.13) 

J-y 

-- t'x*exp{zg [ A) p>* . (B.14) 



riij 



Here, by e we denote the number e := which equals for the bosonic 
and 1 for the fermionic case. It is easy to check that these generators fulfill 
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the following universal commutation relations, the same for bosons as for 
fermions: 



[hj,hi] = —Skjki + Suhj , (B.15) 

[lij,mki] = -Skjmu , (B.16) 

[hj,nki] = SiiUkj , (B.17) 

[lij,ni] = 0, (B.18) 

[mij,mki] = , (B.19) 

[mij,nki] = Skjhi - SiiVkj , (B.20) 

[fnij,rki\ = -hjfnu , (B.21) 

[riij^Uki] = 0, (B.22) 

[nij,rki\ = SiiUkj , (B.23) 

[rij,rki] = -SkjTii + SiiVkj . (B.24) 



But the conjugation is different in both cases: 



±n 



(B.25) 



It is easy to check that, under the matrix presentation ( |3.51| ) and ( p.52| ), we 
have: 



kl 



nki 



( iEki N 
^ I Em j 



rriki :-- 

Tkl ■-- 



(0 \ 



(B.26) 
[B.27) 



In the bosonic case, the conjugation (|B.25|) implies ( p.50| ) and, therefore, the 
algebra of self-adjoint observables is generated by u{N, N). In the fermionic 
case, ( p.25|) implies A* = —J^ and the algebra of self-adjoint observables is 
generated by two copies of u{2N), corresponding to two values of the spinorial 
index K. In both cases, the following formula for the total charge holds: 



(B.28) 
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